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Abstract. The 3-Hitting Set problem is also called the Vertex Cover 
problem on 3-uniform hypergraphs. In this paper, we address kerneliza- 
tions of the Vertex Cover problem on 3-uniform hypergraphs. We show 
that this problem admits a linear kernel in three classes of 3-uniform hy- 
pergraphs. We also obtain lower and upper bounds on the kernel size for 
them by the parametric duality. 



1 Introduction 

Let C be a collection of subsets of a finite set S. A hitting set is a subset of S 
that has a nonempty intersection with every element of C. The Hitting Set 
problem is to decide whether there is a hitting set with cardinality at most k 
for a given {S,C). If the cardinality of every element of C is upper-bounded 
by a fixed natural number d, then the corresponding problem would be a d- 
Hitting Set problem. In the parameterized complexity |13I23I15] . it is known 
that the d-HiTTiNG Set problem is fixed-parameter tractable, i.e., solvable in 
time 0{J{k) ■ n'^) for some constant c independent of k. 

The 3-Hitting Set problem, a special case of the d-HiTTiNG Set problem, 
is a focal point of researches in the parameterized complexity. Formally, it is 
defined as follows: 



3-Hitting Set Problem 

Instance: A collection C of subsets with cardinality 

3 of a finite set S and a nonnegative integer k. 
Parameter: k. 

Problem: Is there a hitting set S' with \S'\ < k. 



Actually, {S, C) could be regarded as a hypergraph such that S and C cor- 
respond to the sets of vertices and hyperedges respectively. In this sense, the 
hitting set is equivalent to the vertex cover, and the 3-Hitting Set problem is 
the same as the Vertex Cover problerrQ on 3-uniform hypergraphs in which 
every hyperedge consists of 3 vertices. 



For simplicity, we study the 3-HlTTING Set problem from the viewpoint of hypergraph theory. 



A parameterized problem Q is a set of instances with the form (/, k) where 
/ is the input instance and fc is a nonnegative integer. A kernelization is a 
polynomial-time preprocessing procedure that transforms one instance (/, fc) of 
a problem into another (/', k') of it such that 

- fc' < fc. 

^ l^'l < f(k')i where / is a computable function. 

— (/, fc) is a "yes" -instance if and only if (/', fc') is a "yes" -instance. 

Hence, a kernelization can shrink the instance until that its size depends only 
on the parameter, so that we could find an algorithm, at least a brute force one, 
to efficiently solve the problem on the kernel /(fc'). It is apparent that a problem 
is fixed-parameter tractable if and only if it has a kernelization. 

The development of kernelizations provides a new approach for practically 
solving some NP-hard problems including the Vertex Cover problem on 3- 
uniform hypergraphs. Presently, these kernelizations have found their way into 
numerous applications in many fields, e.g. bioinformatics [2518] . computer net- 
works [in] as well as software testing [16] . 

1.1 Related Work 

Buss [7] has given a kernelization with kernel size O(fc^) for the Vertex Cover 
problem on graphs by putting "high degree elements" into the cover. Similar to 
Buss' reduction, Niedermeier and Rossmanith [24] have proposed a cubic-size 
kernelization for the Vertex Cover problem on 3-uniform hypergraphs. 

Fellows et al. |2|12I14| have introduced the crown reduction and obtained 
a 3fc-kernelization for the Vertex Cover problem on graphs. Recently, Abu- 
Khzam [T] has reduced further the kernel of this problem on 3-uniform hyper- 
graphs to quadratic size by employing the crown reduction. 

It is known that an optimal solution to the linear programming for the Ver- 
tex Cover problem on graphs can be transformed into the half-integral form, 
i.e., the variables take one of three possible values {0, i, 1}. Based on this form, 
Nemhauser and Trotter's Theorem [221512118] guarantees the Vertex Cover 
problem has a 2fc-kernelization on graphs. We also wish to follow the above 
idea to get a linear kernelization of the Vertex Cover problem on 3-uniform 
hypergraphs. However, it seems impossible to achieve the goal because Lovasz 
[2U] and Chung et al. [TT] have shown that the optimal solution to the linear 
programming has no such half-integral form. 

Very recently. Fellows et al. 6', propose a new method which allows us to 
show that many problems do not have polynomial size kernels under reasonable 
complexity-theoretic assumptions. 

1.2 Our Work 

In this paper, we show that the Vertex Cover problem in three classes of 
3-uniform hypergraphs has a linear kernelization. Moreover, we provide lower 
and upper bounds on the kernel size for them by the parametric duality. 



The rest of this paper is organized as follows. In Section 2, we introduce some 
definitions and notations. In Section 3, we study the Vertex Cover problem 
on quasi- regularizable 3-uniform hypergraphs, and show that this problem has a 
linear kernelization. In Section 4 and 5, we also show this problem admits a linear 
kernelization on bounded-degree and planar 3-uniform hypergraphs respectively. 
Furthermore, we present lower and upper bounds on the kernel size for them. 
Finally, we present some questions left open and discuss the future work in 
Section 6. 

2 Preliminaries 

Let H. = (V, £) be a hypergraph with V = {ui, • • ■ , Vn} and £ — {Bi, • • • , Bm}- 
For a hyperedge Bi,\i\Bi\ — \, then we call it a self-loop. If there exists another 
hyperedge Bj with Bj C Bi, then we call Bi dominated by Bj. For a vertex 
V, E{v) = {Bi £ 7i I G Bi} and are the incidence set and the degree 

of V respectively. Similarly, E{A) = E{v) for a vertex subset A. If there 

exists another vertex w with E[w) C E{v), then we call w dominated by v. If 
w,v ^ Bi, then we call v an adjacent vertex of w. 

Similar to the definition of regular graphs, if all the vertices of a hypergraph 
Ti have the same degree, then we call Ti. regular. 

Definition 1. // the resulting hypergraph is regular after replacing each hyper- 
edge Bi ofH with ki-multiple hyperedges (ki > 0^, thenTi is quasi-regularisable. 

Here, we define k-multiple edges Bi k copies of Bi. Note that fc = means 
that Bi is removed from the hypergraph. 

A planar graph can be embedded on a plane without edge intersections except 
at the endpoints. Analogously, we can define a planar hypergraph. 

Definition 2. G-h = (ViUV2,i?) is a bipartite incidence graph of the hypergraph 
7i — (V, £) if Gt-c satisfies the following conditions: 

1. Vi = V. 

2. V2 = {vB\Be 8}. 

3. E ^ {{v, vb} \ V eVi and vb e V-i and v e B}. 

Definition 3. A hypergraph Ti. is planar if Gu is planar. 

The optimization version of the Vertex Cover problem is often concerned 
in kernelizations |2ll5j . Assigning a 0-1 variable for each vertex, it is easy to 
establish the integer programming for the optimal version of the Vertex Cover 
problem on H as follows: 

mm Z^j=i Xi 

subject to: Xi + xj -\- Xk > 1, {wi, Vj,Vk} S (1) 
Xi£{0,l}, v,eV. 



The optimal value of ([T]) is called the node-covering number of Ti, denoted by 
T{Tt). Relaxing the restriction to rational number field, we can obtain the cor- 
responding linear programming: 

mm l^i^i Xi 

subject to: Xi + Xj + Xk > I, {wj, Vj,Vk} € £; (2) 
< < 1 v^eV. 

The optimal value of ([2]) is called the fractional node-covering number of Ti, 
denoted by t*{H). 

3 Quasi-regularizable 3-uniform Hypergraphs 

In this section, we consider quasi-regularizable 3-uniform hypergraphs and show 
that the Vertex Cover problem has a linear kernelization on them. 

Theorem 1. LetTi. be a quasi-regularizable 3-uniform hypergraph. The Vertex 
Cover problem admits a problem kernel of size 3fc on Ti.. 

Proof Let H = (V,£) with V = {vi, • • • , and f = {Bi, • • • ,B„,}. Since H 
is quasi-regularizable, we can transform it into an r-regular hypergraph Ti.' = 
(V, £') with r > 0. If m' denotes the number of hyperedges in H' , then to' = irn. 

Relaxing we establish the linear programming for the Vertex Cover 
problem on H' , 

subject to: Xi -t- Xj -I- a^fe > 1, {vi, vj, Vk} G (3) 
0<x,<l v,eV. 

It is easy to see that xi — ■ ■ ■ — Xn — ^ is a feasible solution. Thus, we have 

n 

r*{n')<Y,x,^-n. (4) 

^=l 

On the other hand, let ( * ) be an optimal solution of ([3]). Note that 

the optimal solution must satisfy all the restrictions. Summing up all the in- 
equalities in ([3]), it is not difficult to get 

n 

r-T*{n') = r^x*>m' = -nr (5) 

3 

i=l 

By (gl) and we have T*{n') = ^n. If < r(H), then H has no vertex 
cover with size at most k. Therefore, we have n < 3k because t*{H) = t*{TL') < 
t{H) = T{n') <k. □ 



4 Bounded-degree 3-uniform Hypergraphs 

In this section, we give linear kernelizations for the Vertex Cover problem 
and its dual problem on bounded-degree 3-uniform hypergraphs, respectively. 
Meanwhile, we derive lower bounds on kernel sizes for these two problem. 

Theorem 2. Let TC be a 3-uniform hypergraph with bounded degree d. The Ver- 
tex Cover problem admits a problem kernel of size dk on Ti. 

Proof. Let Ti. — (V, £) with V = {wi, • • • , Vn} and £ — {Bi, • • • , i3,„}. Assume 
that di is the degree of Vi. Then, we establish the integer programming ([T]) and 
the linear programming ([2]) for the Vertex Cover problem on H. 

If fc < T{Ti.), then Ti. has no vertex cover with size at most k. Summing up 
all the inequalities in 



Chen et al. [S] have studied the parametric duality and kernelization. They 
have proposed the lower-bound technique on the kernel size. 

Theorem 3 (ISj). Let (P, s) be an NP-hard parameterized problem. Suppose 
that P admits an ak kernelization and its dual Pd admits an adkd kernelization, 
where a, ad > I. If (a — l){ad — 1) < 1, then P=NP. 

Here, kd = s{I) — k and s : a* x N — > N is a size function for a parameterized 
problem P if 

- Q<k< s{I,k) 

- sil,k) < \I\ 

- s{I, k) = s(I, k') for all appropriate fc, k' . 

For the Vertex Cover problem, it is clear that its dual problem is Inde- 
pendent Set problem. 



Independent Set Problem 

Instance: A hypergraph TL = (V,f) and a nonneg- 

ative integer k. 
Parameter: k. 

Problem: Is there a vertex subset / C V such that 
|/| > A: and each hyperedge contains no two ver- 
tices of /. 




i=l Vj £Bi 



Since T*{n) < T{n) < k, we have m < d ■ t* [H) < d ■ T{n) <d-k. 



□ 



Theorem 4. Let Ti. be a 3-uniform hypergraph with bounded degree d. The In- 
dependent Set problem admits a problem kernel of size {2d -\- l)dk on Ti. 



Proof. Without loss of generality, let / be a maximum independent set of Ti. and 
|/| < k. Since 7i is a 3-uniform hypergraph with bounded degree d, the number 
of its adjacent vertices is bounded by 2d for each vertex w G J, and the number 
of hyperedges among these adjacent vertices is bounded by 2d^. Therefore, we 
have 

\£\<k-d+2d'^ ■k = {2d+\)dk 

□ 

By Theorem [21 we easily get lower bounds on kernel sizes for the Vertex 
Cover problem and the Independent Set problem on 3-uniform hypergraphs 
with bounded degree d. 

Corollary 1. For any e > 0, there is no (jjr^jzr ~ s)k-kernel for the Vertex 
Cover problem on 3-uniform hypergraphs with bounded degree unless P=NP. 

Corollary 2. For any e > 0, there is no {-^j^—e)k-kernel for the Independent 
Set problem on 3-uniform hypergraphs with bounded degree unless P=NP. 

5 Planar 3-uniform Hypergraphs 

In this section, we exhibit three equivalent parameterized problems on planar 
3-uniform hypergraphs. Building on them, we provide a linear kernelization and 
a lower bound on the kernel size for the Vertex Cover problem on planar 
3-uniform hypergraphs. 

Theorem 5. Let H be a planar 3-uniform hypergraph. The Vertex Cover 
problem admits a problem kernel of size 67k on Ti.. 

This proof consists of two parts. First, we construct two parameterized prob- 
lems and show that they are equivalent to the Vertex Cover problem on 
planar 3-uniform hypergraphs. In the second part, we show Theorem [5] based 
on the known linear kernelization [31419] for the Dominating Set on planar 
graphs. 

5.1 Equivalent Problems 

A dominating set of a graph is a vertex subset D such that either u £ Z? or u is 
adjacent to some vertex of D for each vertex v of the graph. G-j-c and denote 
the bipartite incidence graph and the local complete graph of a hypergraph Ti.. 

Definition 4. G^ is the local complete graph ofTL if G^ satisfies the following 
conditions: 

1. V{G!^)^V{Gh) = ViUV2. 

2. E{G^) = E{Gn) U {{.t, y} \ {x, y}<^Be£}. 

Lemma 1. If Ti is 3-uniform and planar, then G^ is planar. 



Proof. It is trivial. 



□ 



Here, we consider two parameterized problems. One parameterized problem 
is the Quasi-dominating Set problem. 



Quasi-dominating Set Problem 

Instance: A bipartite graph G = {Vi U V2 , -E) and 

a nonnegative integer k. 
Parameter: k. 

Problem: Is there D C Vi such that {v \ {v, w} G 
E Sindw e D}^ V2 and \D\ < kl 



It is apparent that the Vertex Cover problem on Ti is equivalent to the 
Quasi-dominating Set problem on Gn- 

The other is the Dominating Set problem. 



Dominating Set Problem 




Instance: A graph G = (V, E) and 


a nonnegative 


integer k. 




Parameter: k. 




Problem: Is there a dominating set 


D C V with 


\D\ < kl 





Lemma 2. Let Ti. be a 3-uniform hypergraph. {G^,k) is a YES-instance of 
the Dominating Set problem if and only if {G-H,k) is a YES-instance of the 
Quasi-dominating Set problem. 

Proof. Let i? be a dominating set of G^. If fl V2 = 0, then D is also a solution 
of the Quasi-dominating Set problem on G-h- 

Otherwise, there is a vertex vb € Dr\V2. By definition of G^, vb corresponds 
to a hyperedge in H, says B = {m, U2, U3}. Figure [1] illustrates that D\vb^{ui} 
is also a dominating set of G^ . 
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Fig. 1. VB:Ui,U2,U3 in G^ 



Thus, we can find a dominating set D' H V2 = of remaining the cardi- 
nality of D. D' is a sohition of the Quasi-dominating Set problem on Gn- 
The other direction of this proof is trivial. We complete the proof. □ 

Corollary 3. Let TC be a 3-uniform hypergraph. The Vertex Cover problem 
on H, the Dominating Set problem on G^ and the Quasi-dominating Set 
problem on Gn are equivalent each other. 

5.2 Kernelization 

Alber et al. |3I4| first show that the Dominating Set problem on planar graphs 
has a problem kernel with size 335fc based on two reduction rules. Chen et al. 
[S] extend those two reduction rules and further reduce this upper bound on the 
kernel size to 67fc. 

Theorem 6 ([9j). Let G be a planar graph. The DOMINATING Set problem 
admits a problem kernel of size 67k on G. 

All the reduction rules is founded on neighborhoods of vertices. The neigh- 
borhood of w in G = {V,E) is N{v) = {x G V \ {x,v} e E}. Then we can 
partition N{v) into 3 disjoint sets as follows, 

- Ni{v) = {u e N{v) I A^(u)\A^H ^ 0}. 

- N2{v) ^ {ue Nlv)\Niiv) 1 N{u)r\Ni{v) ^ 0}. 

- iV3(«) = A^(w)\(iVi(«) U7V2(«)). 

Similarly, for two distinct vertices v^w G we can also partition N{v,'w) = 
N{v) U N{w) into 3 disjoint sets as follows, 

- Ni{v,w) ^{ue N{v,w) I N{u)\N[v,w] ^ 0}. 

- N2{v,w) = {u e N{v,w)\Ni{v,w) I N{u)nNi{v,w) ^ 0}. 

- N3iv,w) = N{v,w)\{Ni{v,w) UN2iv,w)). 

As stated in [9j, all the vertices of G are colored black initially. Reduction 
rules will color some vertices white, which means that these white vertices are 
excluded from an optimal dominating set of G. We repeat applying eight re- 
duction rules in [9] to reduce the planar graph until the resulting graph, i.e. a 
reduced graph, is unchanged. 

Rule 1 // there is a black vertex x £ N2{v)U N3{v) for each black vertex v, then 
color x white. 

As Figure [1] exhibits, there is always a black vertex u G Vi with v e N2{u) U 
N3{u) for any black vertex w G V2. Thus for the initial graph G^, this rule must 
color all the vertices of V2 white. It implies that the optimal dominating set D 
of G^ contains no vertex in V2. In other words, D C Vi is a cover of TC, which 
means that those vertices colored white in Vi can be removed from H. 

Note that the rest rules either color vertices white or remove some white 
vertices except the following two ones. 



Rule 2 If N^{v) for some black vertex v, then 

— Remove the vertices in N2{v) U N^i^v) from the current graph. 

— Add a new white vertex v' and an edge {v, v'}. 

Rule 3 If N^^Vjw) ^ for two black vertices v, w and if N3{v,w) cannot be 
dominated by a single vertex from N2{v,w) UN^{v,w), then 

Case 1: If N3{v,'w) can be dominated by a single vertex from {v,w}: 

- IfN^iv^w) C N{v) andN^iv^w) C N{w): 

• Remove the vertices in N3{v,w)U{N2{v,w)r\N{v)r\N{w)) from the 
current graph. 

• Add two new white vertices z, z' and four edges {v, z}, {w, z}, {v, z'}, 
{w,z'}. 

- IfNsiv^w) C N{v) andN^iv.w) ^ N{w): 

• Remove the vertices in N3{v, w)[j{N2{v, w)nN(v)) from the current 
graph. 

• Add a new white vertex v' and an edge 

- If Nz{v,w) ^ N[v) andN^iv.w) C N{w): 

• Remove the vertices in N3{v, w)U{N2{v, w)riN(w)) from the current 
graph. 

• Add a new white vertex w' and an edge {w,u)'}. 

Case 2: If N^^v^w) can not be dominated by a single vertex from {v,w}: 

- Remove the vertices in N^lv, w) U N2{v, w) from the current graph. 

- Add two new white vertices v',w' and two edges {v,v'}, {w,w'}. 

It is obvious that both Rule [2] and Rule [3] add new white vertices to the 
graph. We categorize those new white vertices into V2. In this sense, they are 
viewed as self-loops in H. 

Therefore, we achieve a kernelization for the Vertex Cover problem on 7i. 

1. Construct G-h and G^. 

2. Reduce to a reduced graph G' by using reduction rules in [S]. 

3. Remove white vertices in Vi from G' . 

4. Remove all the edges between two vertices of Vi from G". 

5. Construct a reduced hypergraph Ti' based on the resulting bipartite graph. 

By Theorem [SI the proof of Theorem [5] is complete. 
5.3 Dual Problem 

In this section, we give a linear kernelization for the Independent Set problem 
on a planar 3-uniform hypergraphs. 

Theorem 7. Let H be a planar 3-uniform hypergraph. The Independent Set 
problem admits a problem kernel of size 40fc on TL. 



To prove the above theorem, we first need to introduce the Induced Match- 
ing problem which is known to be Vl^[l]-hard |17I21| . 

A matching M in a graph G = (V, E) is a subset of edges no two of which 
have a common endpoint. If no two edges of M are joined by an edge of G, then 
M is an induced matching. 



Induced Matching Problem 

Instance: A graph G — (V, E) and a nonnegative 

integer k. 
Parameter: k. 

Problem: Is there an induced matching M C E 
with \E\ < fc? 



Theorem 8 (|17]). LetG be a planar graph. The Induced Matching problem 
admits a problem kernel of size 40fc on G. 

Since H is a planar 3-uniform hypergraph, G^ must be planar. Hence, the 
rest task is to show the following lemma. 

Lemma 3. The Independent Set problem on a planar 3-uniform hypergraph 
H is equivalent to the INDUCED MATCHING problem on G^^. 

Proof. We assign a vertex in for a hyperedge B £ H. 

(4=) Let M be an induced matching of Gh- Without loss of generality, let 
I = {uii I {uiijVBi} G M}. We claim that / is an independent set of 
H. Otherwise, {uii,Uji} C B for some hyperedge B with i ^ j. By defi- 
nition of G^, {uii,VBi} and {uji,VBj} are joined by {un^Uji} in G|J. It is 
a contradiction. 

(=>) Without loss of generality, let / be an independent set of H. For Uii,Uji E I, 
we can find two distinct hyperedges Bi and Bj such that un G Bi and 
Uji G Bj by definition of independent set. It is easy to see that vsi} and 
{uji,VBj} are not joined by an edge in G^. Thus, M ~ \ Ui E 1} 

is an induced matching of Ti. 

We complete this proof. □ 

By Theorem [31 we obtain lower bounds on kernel sizes for the Vertex 
Cover problem and the Independent Set problem on planar 3-miiform hy- 
pergraphs. 

Corollary 4. For any e > 0, there is no (|| — e)k-kernel for the Vertex 
Cover problem on 3-uniform hypergraphs with bounded degree unless P=NP. 

Corollary 5. For any e > 0, there is no (|| — e)k-kernel for the Independent 
Set problem on 3-uniform hypergraphs with bounded degree unless P=NP. 



6 Conclusion 



In this paper we study kernelizations of the Vertex Cover problem on 3- 
uniform hypergraphs, and show that this problem in three classes of 3- uniform 
hypergraphs has linear kernels. We give lower and upper bounds on the kernel 
size for them by the parametric duality. An interesting open question is how to 
decide these 3-uniform hypergraphs efficiently. It is a challenge to explore more 
3-uniform hypergraphs with less linear kernels in the future. Additionally, design- 
ing better kernelization algorithms and pursuing less kernel are also challenging 
tasks for the Vertex Cover problem on 3-uniform hypergraphs. 
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